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1. Introduction
A well-known problem in dynamics is to ﬁnd necessary and suﬃcient conditions for an attractor
of a vector ﬁeld to be a homoclinic class. A suﬃcient one in dimension three is the so-called singular-
hyperbolicity introduced in [15]. Recall that a partially hyperbolic set with hyperbolic singularities
of a C1 vector ﬁeld is singular-hyperbolic if the derivative of the ﬂow expands the volume along
the central subbundle (see also [2,13]). One can ask if singular-hyperbolicity is also necessary among
partially hyperbolic attractors for vector ﬁelds on 3-manifolds. Nevertheless, consider the vector ﬁeld
in R3 depicted in Fig. 1.
It has two singularities σ and σ ′ which we assume to have real eigenvalues {λss, λs, λu} and
{λ′ss, λ′s, λ′u} satisfying the eigenvalue relations λss < λs < 0 < −λs < λu and λ′ss < λ′s < 0 < λ′u < −λ′s
respectively. The construction is like that of the geometric Lorenz attractor [1,8] but with σ ′ as an
additional singularity. Apart from this the portrait face is similar to that of the geometric Lorenz, that
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2006 C.A. Morales / J. Differential Equations 249 (2010) 2005–2020Fig. 1. A partially hyperbolic attractor which is a homoclinic class but not singular-hyperbolic.
is, there is a top rectangle Σ equipped with a return map Π preserving and contracting the vertical
foliation in Σ . Thus, we have the expression Π(x, y) = ( f (x), g(x, y)) under the natural coordinate
system (x, y) in Σ . By saturating the maximal invariant set of Π by the ﬂow we obtain that such a
vector ﬁeld has a partially hyperbolic attracting set Λ. It turns out that Λ is not singular-hyperbolic
because the equilibrium σ ′ neither is Lorenz-like nor has two positive eigenvalues (see for instance
[4]). Under the additional eigenvalue relation
(−λs
λu
)
·
(−λ′s
λ′u
)
< 1
we can impose the extra assumption that f (x) above is orientation-preserving with derivative
f ′(x) >
√
2. Because of this we can argue as in [3] to prove that Λ is in fact a homoclinic class.
Since homoclinic classes are always transitive sets [10] we conclude that Λ is a partially hyperbolic
attractor which is a homoclinic class but is not singular-hyperbolic. By adding extra contracting directions
to Λ we obtain similar examples on every n-dimensional manifold, n 3.
Let us mention four interesting properties about the above examples which will play fundamental
role in our result.
1. First of all we observe that all of them have two-dimensional central direction.
2. Secondly we see that although they are not singular-hyperbolic they have a singularity (σ say)
which is Lorenz-like, namely, with two real eigenvalues λs < 0< λu with −λs < λu such that the
real part of the other eigenvalues is outside the compact interval [λs, λu].
3. Next we observe that since f ′(x) >
√
2> 1 the stable manifold Ws(σ ) is dense inΛ, that is, every
point of Λ is accumulated by points for which the positive orbit converges to σ .
4. Finally we can assume via connecting lemma [9] applied to the right-hand branch of the unstable
manifold Wu(σ ) that Wu(σ )∩ Ws(O ) = ∅ for some hyperbolic periodic orbit O .
Here we prove that these four properties suﬃce for a partially hyperbolic attractor of a C1 vector
ﬁeld be a homoclinic class. More precisely, we prove that a partially hyperbolic attractor with two-
C.A. Morales / J. Differential Equations 249 (2010) 2005–2020 2007dimensional central direction Λ is a homoclinic class if it exhibits a hyperbolic periodic orbit O and
a Lorenz-like singularity σ with Wu(σ ) ∩ Ws(O ) = ∅ such that Ws(σ ) is dense in Λ. Let us present
our result in a precise way.
Consider a C1 vector ﬁeld X with ﬂow Xt on a closed manifold M . Given p ∈ M we deﬁne its
omega-limit set,
ω(p) =
{
y ∈ M: y = lim
n→∞ Xtn (x) for some sequence tn → ∞
}
.
We say that a compact invariant set Λ is transitive if Λ = ω(p) for some p ∈ Λ or attracting if there
is an open set U such that
Λ =
⋂
t>0
Xt(U ).
An attractor is a transitive attracting set. We say that Λ is hyperbolic if there are a continuous tangent
bundle decomposition TΛM = EsΛ ⊕ E XΛ ⊕ EuΛ with E XΛ being the subbundle generated by X and
positive constants K , λ such that
max
{∥∥DXt(x)/Esx∥∥,m(DXt(x)/Eux )} Ke−λt, ∀x ∈ Λ,∀t > 0,
where m(·) denotes the co-norm operation. The well-known invariant manifold theory [11] asserts
that if Λ is hyperbolic, then for all x ∈ Λ the sets
Wss(x) =
{
y ∈ M: lim
t→∞d
(
Xt(x), Xt(y)
)= 0}
and
Wuu(x) =
{
y ∈ M: lim
t→−∞d
(
Xt(x), Xt(y)
)= 0}
are C1 immersed manifolds tangent to EsΛ and E
u
Λ at x respectively. These are the so-called strong
stable and strong unstable manifolds of x. Therefore, if O = {Xt(x): t ∈ R} is the orbit of X through x,
then the stable and unstable manifolds of O deﬁned by
Ws(O ) =
⋃
x∈O
W ss(x) and Wu(O ) =
⋃
x∈O
W uu(x)
are C1 submanifolds tangent to the subbundles EsΛ ⊕ E XΛ and E XΛ ⊕ EuΛ respectively. This applies for
instance when O is a hyperbolic closed orbit, namely, a closed orbit which is hyperbolic as a compact
invariant set. A homoclinic orbit of a hyperbolic periodic orbit O is an orbit in γ ⊂ Ws(O ) ∩ Wu(O ).
If additionally TqM = TqW s(O ) + TqW u(O ) for some (and hence all) point q ∈ γ , then we say that
γ is a transverse homoclinic orbit of O . The homoclinic class H(O ) of a hyperbolic periodic orbit O is
the closure of the union of the transverse homoclinic orbits of O . We say that Λ is a homoclinic class
if Λ = H(O ) for some hyperbolic periodic orbit O .
On the other hand, we say that Λ is partially hyperbolic if there are a continuous invariant splitting
TΛM = F sΛ ⊕ F cΛ over Λ with F sx = 0 = F cx for all x ∈ Λ and positive constants K , λ such that
max
{∥∥DXt(x)/F sx
∥∥, ‖DXt(x)/F sx‖
m(DXt(x)/F cx )
}
 Ke−λt, ∀x ∈ Λ, ∀t > 0.
The subbundle F cΛ is called the central direction of Λ.
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Theorem A. A partially hyperbolic attractor with two-dimensional central direction Λ is a homoclinic class if
it exhibits a hyperbolic periodic orbit O and a Lorenz-like singularity σ with W u(σ ) ∩ Ws(O ) = ∅ such that
W s(σ ) is dense in Λ.
Examples of partially hyperbolic attractors satisfying the hypotheses above are certain geometric
Lorenz attractors and that in Fig. 1. Since the latter ones are not singular-hyperbolic we cannot use
the methods in [2] to prove our result.
It is natural to ask if Theorem A is true under weaker hypotheses. For instance, one could only
require that the singularity in the statement be quasi-Lorenz, namely, with two real eigenvalues
λs < 0 < λu such that the real part of the other eigenvalues is outside [λs, λu] (actually some of the
preliminary results will be obtained for these singularities). Another questions are if the result is true
for higher-dimensional central direction or for connected attracting sets with dense periodic orbits in-
stead of attractors. However, the latter question has negative answer even in the singular-hyperbolic
case [5].
This paper is organized as follows. In Section 2 we prove a result dealing with general position
properties of the invariant manifolds associated to O and σ in Theorem A. In Section 3 we introduce
the concepts of generic, twisted and equivalent orbits which can be seem as a generalization to higher
dimension of some concept brieﬂy explained in [14]. In Section 4 we prove a version of the classical
Birkhoff–Smale Theorem in terms of the equivalence deﬁned in Section 3. In Section 5 we prove
Theorem A using the results of Sections 2 and 3.
2. Preliminary results
Let X be a C1 vector ﬁeld deﬁned on a compact n-dimensional manifold M , n 3. Recall from the
Introduction that a singularity σ of X is quasi-Lorenz if it has two real eigenvalues λs < 0 < λu such
that the real part of the other eigenvalues is outside [λs, λu]. It follows from this deﬁnition that there
are non-negative integers k, r with k + r + 2 = n such that the eigenvalues of σ can be written as
{λss1 , . . . , λssk , λs, λu, λuu1 , . . . , λuur } in a way that
Re
(
λss1
)
 · · · Re(λssk )< λs < 0< λu < Re(λuu1 ) · · · Re(λuur ) (1)
where Re(·) denotes the real part operation. Then, the stable and unstable manifolds Ws(σ ) and
Wu(σ ) of σ are both well deﬁned and tangent at σ to the eigenspaces Esσ of {λss1 , . . . , λssk , λs} and
Euσ of {λu, λuu1 , . . . , λuur } respectively. According to [6] or [12] there is a unique strong stable manifold
Wss(σ ) ⊂ Ws(σ ) tangent at σ to the eigenspace Essσ of {λss1 , . . . , λssk }. On the other hand, by Theorem
2.8 in [6, p. 84] (or [12]), σ also exhibits a center-unstable manifold Wcu(σ ) tangent at σ to the
eigenspace Ecuσ of the eigenvalues {λs, λu, λuu1 , . . . , λuur }. Unfortunately such a center-unstable manifold
is not unique but, since each Wcu(σ ) contains Wu(σ ) and all such Wcu(σ )’s are tangent at Wu(σ ),
we have a well-deﬁned tangent space TqW cu(σ ) at each q ∈ Wu(σ ).
With these notations we can state the result of this section. An orbit γ of X is called regular if
X(q) = 0 for some (and hence all) q ∈ γ .
Theorem 2.1. Let Λ be a partially hyperbolic attractor with two-dimensional central direction of X . If O and
σ ∈ Λ are respectively a hyperbolic periodic orbit and a quasi-Lorenz singularity such that Λ ⊂ Cl(Ws(σ ))
and W u(σ )∩ Ws(O ) = ∅, then the following properties hold:
(H1) dim(Wu(O )) = 2 and dim(Wu(σ )) = 1.
(H2) There is a regular orbit γ ∗ ⊂ Wu(σ ) ∩ Ws(O ) such that
Tγ ∗M = Tγ ∗Wcu(σ )+ Tγ ∗Ws(O ).
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γ0 ∩ Wss(σ ) = ∅ and Tγ0M = Tγ0Wu(O )+ Tγ0Ws(σ ).
Let us prepare some lemmas in order to prove this result.
Hereafter we ﬁx Λ, O and σ as in the statement of the theorem and denote by TΛM = F sΛ ⊕ F cΛ the par-
tially hyperbolic splitting of Λ.
Remark 2.2. The fact that
‖DXt (x)/F sx‖
m(DXt (x)/F cx
)
decreases exponentially in the deﬁnition of partially hyperbolic
set is often refereed to as F sΛ dominates F
c
Λ . It follows from the domination that if x ∈ Λ and vx /∈
TxM \ F sx , then the angle  (DXt(x) · vx, F cXt (x)) between DXt(x) · vx and F cXt (x) goes to 0 exponentially
as t → ∞. In particular, X(x) ⊂ F cx for all x ∈ Λ since Λ is a transitive set.
The following generalizes some facts proved elsewhere (e.g. [15]).
Lemma 2.3. If W is an invariant submanifold of X containing σ such that Tσ W ⊂ F sσ , then Λ ∩ W ∩
Ws(σ ) = {σ }.
Proof. It suﬃces to show that every point of Λ ∩ W ∩ Ws(σ ) is a singularity. By absurd suppose
that there is a regular point x0 ∈ Λ ∩ W ∩ Ws(σ ). Because W is an invariant submanifold we have
X(x0) ∈ Tx0W . As already mentioned we have X(x0) ∈ F cx0 since Λ is transitive, so
X(x0) ∈ Tx0W ∩ F cx0 .
Because x0 is regular we can deﬁne for all t ∈R the unitary tangent vector vt at x0 by
vt = X(Xt(x0))‖X(Xt(x0))‖ .
Because both W and F cΛ are invariant we have
vt ∈ T Xt (x0)W ∩ F cXt (x0), ∀t.
Pick a sequence tn → ∞ such that the sequence {vtn } converges and deﬁne
v∞ = lim
n→∞ v
tn .
Clearly v∞ is unitary. Moreover, because x0 ∈ Ws(σ ), we have Xtn (x0) → σ so
v∞ ∈ TσW ∩ F cσ .
But Tσ W ⊂ F sσ by hypothesis hence
v∞ ∈ F sσ ∩ F cσ .
Since v∞ is unitary and the sum F sσ ⊕ F cσ is direct we get a contradiction. This proves the lemma. 
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TxW
u(O ) = F cx, ∀x ∈ Wu(O ). (2)
Proof. By hypothesis we have dim(F cΛ) = 2 therefore dim(F sΛ) = n − 2 hence dim(Ws(O ))  n − 1
so dim(Ws(O )) = n or n − 1. If dim(Ws(O )) = n then O would be an attracting periodic orbit so
Λ = O which is absurd since Λ contains a singularity. It follows that dim(Ws(O )) = n − 1 and so
dim(Wu(O )) = 2.
Now we prove (2). First notice that TxW u(O ) ∩ F sx = {0} for every x ∈ O since F sΛ is contracting.
Therefore TxW u(O ) ⊂ F cx for every x ∈ O because F sΛ dominates F cΛ (recall Remark 2.2). As TxW u(O )
and F cx have the same dimension we obtain (2) when x ∈ O . For arbitrary x ∈ Wu(O ) we have that
T X−t (x)W
u(O ) is close to T pW u(O ) for t > 0 large and some p ∈ O . But (2) holds for x = p so the
angle  (T X−t (x)Wu(O ), F sX−t (x)) between T X−t (x)W
u(O ) and F sX−t (x) is bounded away from zero. As F
s
Λ
dominates F cΛ we conclude that  (TxW u(O ), F cx) can be made arbitrarily small hence TxW u(O ) ⊂ F cx .
Consequently (2) holds since TxW u(O ) and F cx have the same dimension. 
Corollary 2.5. F sσ = Essσ , F cσ = Ecuσ and Λ∩ Wss(σ ) = {σ }.
Proof. We have F sσ = Essσ and F cσ = Ecuσ since the dominated splitting is unique. Then, Λ ∩ Wss(σ ) ={σ } by Lemma 2.3 applied to W = Wss(σ ). 
In the proof of the lemma below we denote by E Xq the subbundle generated by X(q) in TqM . Recall
the deﬁnition of the non-negative integer r in (1).
Lemma 2.6. r = 0.
Proof. By Lemma 2.4 we have dim(Wu(O )) = 2 and (2) holds for all x ∈ Wu(O ). On the other hand,
Λ = Cl(Ws(σ )) by hypothesis and then σ ∈ Λ since Λ is an attractor. From this we get Wu(σ ) ⊂ Λ
and, since Wu(σ ) ∩ Ws(O ) = ∅ by hypothesis, we conclude that O ⊂ Λ. Thus Wu(O ) ⊂ Λ (again
because O ⊂ Λ and Λ is an attractor) and then Ws(σ ) accumulates on Wu(O ) (for it does on Λ).
From this accumulation we easily ﬁnd a sequence xn ∈ Ws(σ ) accumulating on a point in Wu(O )\ O .
But Λ has a uniformly large strong contracting foliation, so there is n large such that the leaf of this
foliation through xn intersects Wu(O ). From this we get Wu(O ) ∩ Ws(σ ) = ∅, and so, we can ﬁx
q ∈ Wu(O ) ∩ Ws(σ ). Clearly
E XXt (q) ⊂ T Xt (q)Ws(σ )∩ T Xt (q)Wu(O ), ∀t ∈R.
For all t ∈R we deﬁne the unitary tangent vector
vt = X(Xt(q))‖X(Xt(q))‖ .
Clearly vt ∈ E XXt (q) and so
vt ∈ T Xt (q)Ws(σ )∩ T Xt (q)Wu(O ), ∀t.
As Xt(q) ∈ Wu(O ) we can apply (2) to x = Xt(q) yielding
vt ∈ T Xt (q)Ws(σ ) ∩ F cX (q). (3)t
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converges to some unitary tangent vector v∞ ∈ Tσ M . By choosing t = tn in (3) and taking limit as
n → ∞ we get
v∞ ∈ TσWs(σ )∩ F cσ . (4)
But dim(F cΛ) = 2 so dim(F sΛ) = n − 2 then dim(Ws(σ )) = n − 2, n − 1 or n. As dim(Ws(σ )) = n
because σ is not an attracting singularity we get dim(Ws(σ )) = n − 1 or n − 2. Now, F sσ ⊂ Tσ Ws(σ )
since F sΛ is contracting. If dim(W
s(σ )) = n − 2 we would get F sσ = Tσ Ws(σ ) since both spaces are
(n−2)-dimensional. Replacing in (4) we would get v∞ ∈ F cσ ∩ F sσ which is absurd since v∞ is unitary
and the sum F sΛ ⊕ F cΛ is direct. Therefore dim(Ws(σ )) = n − 1 hence r = 0. 
Recall again that we have ﬁxed Λ, O and σ as in Theorem 2.1.
Lemma 2.7. The following properties hold:
(1) If α ⊂ Wu(O )∩ Ws(σ ) then TαM = TαWu(O )+ TαWs(σ ).
(2) If ρ ⊂ Wu(σ ) ∩ Ws(O ) and r = 0 then TρM = TρWcu(σ )+ TρWs(O ).
Proof. If α ⊂ Wu(O )∩Ws(σ ) then F cq = TqW u(O ) (∀q ∈ α) by Lemma 2.4. In addition, F sq ⊂ TqW s(σ )
(∀q ∈ α) because F sΛ is contracting. Therefore
TqM = F sq ⊕ F cq ⊂ TqW s(σ )+ TqW u(O ), ∀q ∈ α,
proving (1).
To prove (2) notice that F cσ = Tσ Wcu(σ ) by Corollary 2.5. Moreover, if q ∈ Wu(σ ) then any vector
outside TqW cu(σ ) is pushed toward Wss(σ ) under negative iterates (this fact is often refereed to
as the Strong λ-lemma [7]). From these facts and the continuity of the splitting TΛM = F sΛ ⊕ F cΛ we
obtain F cq ⊂ TqW cu(σ ) for all q ∈ Wu(σ ). But F cq is two-dimensional and so does TqW cu(σ ) since
r = 0 by Lemma 2.6. Therefore F cq = TqW cu(σ ) for all q ∈ Wu(σ ).
On the other hand E Xq ⊂ F cq for all q ∈ Wu(σ ) by Remark 2.2. If now ρ ⊂ Wu(σ ) ∩ Ws(O ) then
F sq ⊂ TqW s(O ) for all q ∈ ρ , since F sΛ is contracting, and so
TqM = F cq ⊕ F sq ⊂ TqW cu(σ ) + TqW s(O ), ∀q ∈ ρ,
proving (2). 
Proof of Theorem 2.1. Let Λ be a partially hyperbolic attractor with two-dimensional central direction
of X . Let O and σ ∈ Λ be respectively a hyperbolic periodic orbit and a quasi-Lorenz singularity such
that Λ ⊂ Cl(Ws(σ )) and Wu(σ )∩ Ws(O ) = ∅.
First notice that dim(Wu(O )) = 2 by Lemma 2.4 and r = 0 by Lemma 2.6. But dim(Wu(σ )) = 1 if
and only if r = 0, so we have the item (H1) of the theorem.
Next, as Wu(σ ) ∩ Ws(O ) = ∅ there is a regular orbit γ ∗ ⊂ Wu(σ ) ∩ Ws(O ) which satisﬁes the
item (H2) of the theorem by Lemma 2.7(2) applied to ρ = γ ∗ .
Finally, we have Λ ∩ Wss(σ ) = {σ } by Corollary 2.5. But Wu(O ) ⊂ Λ since Λ is an attractor, so
every regular orbit γ0 ⊂ Wu(O ) ∩ Ws(σ ) satisﬁes the ﬁrst equality in the item (H3) of the theorem.
The second equality in this item follows from Lemma 2.7(1) applied to α = γ0. The result follows. 
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3. Generic, twisted and equivalent orbits
Let X be a C1 vector ﬁeld on a compact connected boundaryless manifold M . In this section we
ﬁx a hyperbolic periodic orbit O and a quasi-Lorenz singularity σ of X satisfying the ﬁrst two items
in Theorem 2.1, namely,
(H1) dim(Wu(O )) = 2 and dim(Wu(σ )) = 1.
(H2) There is a regular orbit γ ∗ ⊂ Wu(σ )∩ Ws(O ) such that
Tγ ∗M = Tγ ∗Wcu(σ )+ Tγ ∗Ws(O ).
We denote by 〈λs〉 the (one-dimensional) eigenspace associated to the eigenvalue λs of σ . For
every unitary vector e ∈ 〈λs〉 we deﬁne the ﬁber bundle Dcu(e) over γ ∗ whose ﬁber at q ∈ γ ∗ is the
semispace Dcuq (e) of TqM deﬁned by
Dcuq (e) =
{
v ∈ TqW cu(σ ): lim
t→∞
DX−t(v)
‖DX−t(v)‖ = e
}
.
See Fig. 2.
Notice that the boundary of Dcuq (e) in TqW
cu(σ ) is the straight line E Xq generated by X(q). There-
fore, we have the disjoint union
TqW
cu(σ ) = Dcuq (e)∪ Dcuq (−e)∪ E Xq ,
for all unitary vectors e ∈ 〈λs〉 and all q ∈ γ ∗ .
We also associate to each unitary vector e ∈ 〈λs〉 a submanifold Wu,in(e) of Wu(O ) in the follow-
ing way. By the ﬁrst identity in (H1) the derivative of the Poincaré map of O has a unique eigenvalue
β which is real and expanding, namely, of modulus bigger than 1.
If β < 0 we deﬁne Wu,in(e) = Wu(O ).
If β > 0, then Wu(O ) is a cylinder with generator O therefore Wu(O ) \ O has two connected
components. Deﬁne a unitary vector eu(e) by taking q ∈ γ ∗ , v ∈ Dcuq (e), a sequence tn → ∞ such that
Xtn (q) → p for some p ∈ O and setting
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Fig. 4. Deﬁnition of Win(γ ) and Wout(γ ).
eu(e) = lim
n→∞
DXtn (v)
‖DXtn (v)‖
.
It follows from (H2) that eu(e) ∈ T pW uu(p). Therefore eu(e) is transverse to O and so there is a well-
deﬁned connected component Wu,in(e) of Wu(O ) \ O where eu(e) points inward which depends on
neither v ∈ γ ∗ nor the sequence tn (Fig. 3 describes the case β > 0).
Now, we call an orbit γ ⊂ Ws(σ ) generic if
γ ∩ Wss(σ ) = ∅. (5)
In such a case the unitary vector
es(γ ) = − lim
t→∞
X(Xt(q))
‖X(Xt(q))‖
exists, does not depend on q ∈ γ and belongs to 〈λs〉. Therefore, es(γ ) is transverse to Wss(σ ) and so
we can deﬁne the submanifold Win(γ ) as the connected component of Ws(σ ) \ Wss(σ ) where es(γ )
points inward (Fig. 4), and
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Wout(γ ) = Wu,in(es(γ )). (6)
The Inclination Lemma is the assertion that the positive iterates of a submanifold I transverse to the
stable manifold of a hyperbolic periodic orbit converges, in compact parts, to the unstable manifold
of the periodic orbit [16]. It follows from this lemma that for any other submanifold Σ , transverse to
the unstable manifold of the periodic orbit, there is a positive iterate of I intersecting Σ transversely.
The following is nothing but a variation of this last statement (see Fig. 5 for an illustration).
Lemma 3.1. If γ ⊂ Ws(σ ) is a generic orbit, I is a curve intersecting W in(γ ) transversally and Σ is a sub-
manifold intersecting W out(γ ) transversally, then
⋃
t0 Xt(I) intersects Σ transversally.
Deﬁnition 3.2. Let γ ⊂ Wu(O ) ∩ Ws(σ ) be generic. We say that γ is non-twisted (resp. twisted) if
γ ⊂ Wout(γ ) (resp. γ ⊂ Wout(γ )). If γ ′ ⊂ Ws(σ ) is another generic orbit we say that γ and γ ′ are
equivalent if Wout(γ ) = Wout(γ ′). For all generic orbit γ0 ⊂ Wu(O )∩ Ws(σ ) satisfying
Tγ0M = Tγ0Wu(O )+ Tγ0Ws(σ )
we deﬁne the set [γ0] as the closure of the union of all generic orbits γ ⊂ Wu(O )∩Ws(σ ) equivalent
to γ0 which satisfy
Tγ M = Tγ Wu(O )+ Tγ Ws(σ ). (7)
Fig. 6 describes the deﬁnition of non-twisted and twisted orbit.
The following proposition will be a consequence of Lemma 3.1.
Proposition 3.3. Let γ0 ⊂ Wu(O )∩Ws(σ ) and γ1 ⊂ Wout(γ0)∩Ws(σ ) be generic orbits satisfying Tγi M =
Tγi W
u(O )+ Tγi W s(σ ) for i = 0,1. Then, the following properties hold:
(1) If γ1 is non-twisted, then γ0 and γ1 are equivalent.
(2) If both γ0 and γ1 are twisted, then there is a non-twisted orbit γ2 ⊂ Wu(O )∩ Ws(σ ).
(3) If γ0 is non-twisted and γ1 is twisted, then every point in W out(γ1) ∩ Ws(σ ) can be approximated by
points in W out(γ1)∩ Ws(σ ) for which the orbit is generic and non-twisted.
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Fig. 6. (a) non-twisted; (b) twisted.
Proof. First we prove (1). Observe that γ1 ⊂ Wout(γ1) (since γ1 is non-twisted) and γ1 ⊂ Wout(γ0)
(by hypothesis) so γ1 ⊂ Wout(γ1)∩ Wout(γ0) and then Wout(γ1)∩ Wout(γ0) = ∅. Since the connected
components of Wu(O ) \ O are disjoint we conclude that Wout(γ1) = Wout(γ0) hence γ1 and γ0 are
equivalent. This proves (1).
Next we prove (2). Since γ1 ⊂ Wout(γ1) (for γ1 is twisted) and γ1 ⊂ Wout(γ0) (by hypothesis) we
have Wout(γ1) = Wout(γ0) hence Wout(γ1) ∩ Wout(γ0) = ∅. As γ0 ⊂ Wout(γ0) (for γ0 is twisted) we
conclude that γ0 ⊂ Wout(γ1). Then we can ﬁx a submanifold Σ0 ⊂ Win(γ0), transverse to Wout(γ1)
at some point of γ0 and, since γ1 ⊂ Wout(γ0), we can also ﬁx an interval I1 ⊂ Wout(γ0) transverse
to Win(γ1) at some point in γ1. Applying Lemma 3.1 to γ = γ1, I = I1 and Σ = Σ0 we can arrange
an orbit γ2 from I1 to Σ0. We have Win(γ2) = Win(γ0) (since γ2 passes through Σ0) so Wout(γ2) =
Wout(γ0). But γ2 ⊂ Wout(γ0) (for γ2 passes through I1) and then γ2 ∈ Wout(γ2) proving that γ2 is
non-twisted. This proves (2).
Finally we prove (3). Fix x ∈ Wout(γ1) ∩ Ws(σ ) and a small interval Ix ⊂ Wout(γ1) transverse to
Ws(σ ) at x. Since x ∈ Ws(σ ) we have two possibilities, either x ∈ Win(γ0) or Win(γ1). If x ∈ Win(γ1)
we can ﬁx a submanifold Σx ⊂ Win(γ1) transverse to Wout(γ1) at x. Applying Lemma 3.1 as above
we can arrange y ∈ Ix such that the orbit γy of y connects y to some point in Σx . As before we
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analogous. 
4. A Birkhoff–Smale type theorem
Let X be a C1 vector ﬁeld deﬁned in a compact connected boundaryless manifold. In this section
we shall prove the following Birkhoff–Smale type result. Recall the deﬁnition of [γ ] in Deﬁnition 3.2.
Recall also that a singularity is Lorenz-like if it has two real eigenvalues λs < 0 < λu with −λs < λu
such that the real part of the other eigenvalues is outside the compact interval [λs, λu] (equivalently
it is quasi-Lorenz with the corresponding real eigenvalues λs, λu satisfying −λs < λu).
Theorem 4.1. Let O and σ be respectively a hyperbolic periodic orbit and a Lorenz-like singularity of X satis-
fying (H1) and (H2) of Section 3, i.e.,
(H1) dim(Wu(O )) = 2 and dim(Wu(σ )) = 1.
(H2) There is a regular orbit γ ∗ ⊂ Wu(σ ) ∩ Ws(O ) such that
Tγ ∗M = Tγ ∗Wcu(σ )+ Tγ ∗Ws(O ).
If γ0 ⊂ Wu(O ) ∩ Ws(σ ) is a non-twisted orbit satisfying
Tγ0M = Tγ0Wu(O )+ Tγ0Ws(σ ),
then [γ0] is contained in a homoclinic class of X .
The proof of this theorem is divided in two parts. First we ﬁnd the hyperbolic periodic orbit P
whose homoclinic class H will contain [γ0]. It is here where we use the hypothesis that the singular-
ity σ in the statement is Lorenz-like. Afterward we shall prove that H in fact contains [γ0].
Hereafter we ﬁx O , σ and γ0 as in the statement of the theorem.
Proposition 4.2. There is a hyperbolic periodic orbit P with the following property: There are regular orbits
α ⊂ Wout(γ0)∩ Ws(P ) and ρ ⊂ Wu(P )∩ Win(γ0)
such that
TαM = TαWout(γ0)+ TαWs(P ) and TρM = TρWu(P )+ TρWin(γ0).
Proof. The proof will use the arguments in the proof of the Birkhoff–Smale Theorem (e.g. Theo-
rem 6.5.5 in [10, p. 276]) but applied to Poincaré maps. As already mentioned it is here where the
Lorenz-like assumption is used. First we assume that the expanding eigenvalue β of O is positive. At
the end we explain why the same proof works when β is negative.
Fix p ∈ O and let S be a cross section to X at p. We can assume that there is a coordinate system
(x, y) ∈Rn−2 ×R in S such that:
• S = {‖x‖, |y| 2}.
• p = (0,0).
• Wsloc(p) ⊂ Ws(O ), where Wsloc(p) = {‖x‖ 2, y = 0}.• Wuloc(p) ⊂ Wu(O ), where Wuloc(p) = {x = 0, |y| 2}.
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Let Π :Dom(Π) ⊂ S → S be the return map induced by X in S where Dom(Π) stands for the
domain of Π . Call a submanifold l ⊂ S horizontal curve if it is the graph of some smooth map φl with
domain in Wsloc(p) and range in W
u
loc(p). If the domain of φl is the whole W
s
loc(p) then we say that
l is a full horizontal curve. Analogously we deﬁne vertical and full vertical curve by interchanging the
roles of s and u above. Call a subset R ⊂ S horizontal rectangle if it is bounded by two full horizontal
curves ∂−h R < ∂
+
h R (where < is the natural order).
Let q0 and q∗ be the ﬁrst intersection points of the orbits γ0 and γ ∗ with S respectively. By
assumption we have
Tγ0M = Tγ0Wu(O )+ Tγ0Ws(σ ).
As Win(γ0) is open in Ws(σ ) and contains γ0 we conclude that
Tγ0M = Tγ0Wu(O )+ Tγ0Win(γ0).
From this we can select a horizontal curve l0 through q0 contained in Win(γ0) ∩ S such that l0 ∩
Dom(Π) = ∅. Actually, the positive trajectories through l0 go directly to σ without intersect S . In
addition, since q∗ ∈ γ ∗ , there exists a horizontal rectangle R0 with l0 as horizontal boundary curve
such that R0 \ l0 ⊂ Dom(Π). The orbits through R0 \ l0 pass close to σ before intersect S (see Fig. 7).
To simplify we write
Rˆ0 = Π(R0 \ l0).
Let C v ,Ch be the vertical and horizontal cone ﬁelds in S . Denote by C∗/B the restriction of C∗ to
B ⊂ S for ∗ = h, v . As Essσ contracts more than Esσ ⊕ Euσ we can arrange R0 nearby l0 in a way that
the derivative DΠ of Π carries C v/Rˆ0 into C
v .
As σ is Lorenz-like we have the eigenvalue relation
−λs < λu.
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From this we have not only that DΠ carries C v/R0 into C
v but also that DΠ expands C v/Rˆ0 .
Again by the Inclination Lemma we have that DΠ−1 carries Ch/Rˆ0 into C
h and also that it expands
Ch/Rˆ0 .
The Inclination Lemma once more implies that there is a sequence of horizontal rectangles Rk0
converging to Wsloc(p) with the property that Π
k(Rk0) = R0 for all k large. Deﬁne
Rˆk0 = Rk0 ∩ Rˆ0.
(See Fig. 8.) Note that Πk(Rˆk0) is a vertical band in R0 and that DΠ
k carries and expands C v/Rˆk0
into
C v/R0 . Thus π
k+1(Rˆk0) fully crosses Rˆk0 therefore we get a hyperbolic periodic orbit Pk intersecting Rˆk0
in a single point zk . Observe that zk → q∗ and Πk(zk) → q0 as k → ∞.
Now we show that P = Pk satisﬁes the conclusion of the proposition. Notice that Ws(Pk) ∩ S
contains a horizontal curve close to Wsloc(p) therefore such a curve intersects W
u
loc(p) transversally in
a single point. The orbit of this point is α in the statement of the proposition. To see the existence of
ρ we ﬁrst note that Wu(P ) ∩ S intersects Π−k(l0) transversally S at some point. The orbit of such a
point is ρ in the statement of the proposition. This proves the result when β > 0.
The proof when β < 0 is analogous except that we have to take Rˆk0 = R2k0 ∩ Rˆ0 instead of Rk0 ∩ Rˆ0
because Π is orientation reversing. This ﬁnishes the proof. 
Proposition 4.3. If P is a hyperbolic periodic orbit satisfying the conclusion of Proposition 4.2, then [γ0] ⊂
H(P ).
Proof. Let γ ⊂ Wu(O )∩ Ws(σ ) be a generic orbit which is equivalent to γ0 and satisﬁes (7).
We claim that
Tγ W
u(O )∩ Tγ Ws(σ ) = E Xγ , (8)
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E Xq ⊂ TqW u(O )∩ TqW s(σ ). As γ satisﬁes (7) we have TqM = TqW u(O )+ TqW s(σ ). But dim(M) = n,
dim(Wu(O )) = 2 and dim(Ws(σ )) = n − 1. So, n = 2+ (n − 1) − dim(TqW u(O ) ∩ TqW s(σ )) and then
dim(TqW u(O )∩ TqW s(σ )) = 1. As E Xq ⊂ TqW u(O )∩ TqW s(σ ) is one-dimensional we obtain (8). This
proves our ﬁrst claim.
We shall prove that γ ⊂ H(P ). For this we ﬁx q ∈ γ .
By the existence of α in Proposition 4.2 we can select a submanifold Σ ⊂ Ws(P ) intersecting
Wout(γ0) transversally.
We claim that there is a submanifold Σ ′ ⊂ Ws(P ) intersecting Wout(γ0) transversally at some
point z′ close to q.
Indeed, as γ is equivalent to γ0 we have Wout(γ ) = Wout(γ0) so Σ intersects Wout(γ ) transver-
sally. On the other hand, as dim(Wu(O )) = 2 we obtain from (8) a curve I ⊂ Wu(O ) close to q which
intersects Ws(σ ) transversally at q. As q ∈ γ we can apply Lemma 3.1 to obtain that Σ intersects⋃
t0 Xt(I) transversally too. But Σ ⊂ Ws(P ) and Ws(P ) is invariant, so Ws(P ) intersects I transver-
sally. As I ⊂ Wu(O ) is close to q we conclude that there is a submanifold Σ ′ ⊂ Ws(P ) intersecting
Wout(γ0) transversally at some point z′ close to q. This proves our second claim.
Next we prove z′ ∈ H(P ).
Let Σ ′′ be an open ball in Σ ′ centered at z′ . We have that Σ ′′ intersects Wout(γ0) transversally
at z′ . Let ρ be the regular orbit in Proposition 4.2. Notice that ρ is generic since ρ ⊂ Win(γ0). As
TρM = TρWu(P )⊕ TρWin(γ0) we can replace O by P in the proof of (8) in order to get
TρW
u(P )⊕ TρWin(γ0) = E Xρ .
From this we can select a curve I ′′ ⊂ Wu(P ) intersecting Win(γ0) transversally at some point in ρ .
On the other hand, Σ ′′ intersects Win(γ ) transversally at z′ since γ and γ0 are equivalent. It fol-
lows from Lemma 3.1 that
⋃
t>0 Xt(I
′′) intersects Σ ′′ transversally. As I ′′ ⊂ Wu(P ) we conclude that
Wu(P ) intersects Σ ′′ transversally at some point z′′ . As Σ ′′ ⊂ Ws(P ) we conclude that z′′ ∈ H(P ).
We conclude that H(P )∩Σ ′′ = ∅ for all disk Σ ′′ in Σ ′ centered at z′ . As Σ ′′ is arbitrary and H(P ) is
closed we conclude that z′ ∈ H(P ).
As z′ is close to q we conclude that q ∈ H(P ) hence γ ⊂ H(P ). As γ is arbitrary we conclude that
[γ0] ⊂ H(P ). The proof follows. 
Proof of Theorem 4.1. The proof is a direct consequence of Propositions 4.2 and 4.3. 
5. Proof of Theorem A
Let Λ be a partially hyperbolic attractor with two-dimensional central direction of a C1 vector
ﬁeld X . Suppose that Λ exhibits a Lorenz-like singularity and a hyperbolic periodic orbit O such that
Λ ⊂ Cl(Ws(σ )) and Wu(σ ) ∩ Ws(O ) = ∅. We shall prove that Λ is a homoclinic class of X . As Λ is
an attractor it suﬃces to ﬁnd a homoclinic class H containing Λ.
By Theorem 2.1 we have that σ and O satisfy (H1)–(H3) in that theorem. In particular, [γ0] in
Deﬁnition 3.2 is well deﬁned for every orbit γ0 ⊂ Wu(O )∩ Ws(σ ).
Now, ﬁx γ ⊂ Ws(σ ). It follows that γ is generic, by the ﬁrst equality in (H3), so Wout(γ ) in (6) is
well deﬁned. As Λ ⊂ Cl(Ws(σ )) and Wu(O ) ⊂ Λ we have that Wu(O ) ∩ Ws(σ ) is dense in Wu(O ).
From this we get
Cl
(
Wout(γ )
)= Cl(Wout(γ )∩ Ws(σ )).
But Λ is transitive so Λ ⊂ Cl(Wout(γ )) therefore
Λ = Cl(Wout(γ )∩ Ws(σ )), (9)
for all generic orbit γ ⊂ Ws(σ ).
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Indeed, Proposition 3.3(2) implies that there is a non-twisted orbit γ ′0 ⊂ Wu(O ) ∩ Ws(σ ). If ev-
ery orbit γ1 ⊂ Wout(γ ′0) ∩ Ws(σ ) was non-twisted, then every orbit γ1 ⊂ Wout(γ ′0) ∩ Ws(σ ) would
be equivalent to γ ′0 by Proposition 3.3(1). Therefore Cl(Wout(γ0) ∩ Ws(σ )) ⊂ [γ ′0] and then γ0 = γ ′0
works by (9). Then, we can assume that there is a twisted γ1 ⊂ Wout(γ ′0) ∩ Ws(σ ). It follows
from Proposition 3.3(3) that Wout(γ1) ∩ Ws(σ ) is contained into the closure of the non-twisted orbits
γ ⊂ Wout(γ1) ∩ Ws(σ ). In particular, we can select a non-twisted γ ′′0 ⊂ Wout(γ1) ∩ Ws(σ ). By Propo-
sition 3.3(1) one has that γ1 and γ ′′0 are equivalent so Wout(γ1) = Wout(γ ′′0 ) by deﬁnition. But, by
Proposition 3.3(1) every non-twisted γ ⊂ Wout(γ ′′0 ) ∩ Ws(σ ) belongs to [γ ′′0 ], so, every non-twisted
γ ⊂ Wout(γ1)∩Ws(σ ) belongs to [γ ′′0 ]. Recalling that Wout(γ1)∩Ws(σ ) is contained into the closure
of the non-twisted γ ⊂ Wout(γ1) ∩ Ws(σ ) we get Cl(Wout(γ1) ∩ Ws(σ )) ⊂ [γ ′′0 ] and so Λ ⊂ [γ ′′0 ] by
(9). Then, γ0 = γ ′′0 works and the claim follows.
Now, Theorem A follows from the claim and Theorem 4.1.
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